We analyse the performance of the additive observable proportional navigation guidance system, which is well-suited for low-cost homing missiles with bearings-only measurements. Closed-form solutions are derived for both manoeuvring and non-manoeuvring targets. Guidelines on how to select the navigation constants of the control law are presented. We show that the additive observable proportional navigation guidance system can cover a larger capture area than can a conventional proportional navigation system.
Introduction
In short-range homing missiles, the proportional navigation guidance law is the most widely used [4, 5] . This law generates a command acceleration proportional to the line-of-sight angle rate in an effort to turn the missile in a direction to reduce the line-of-sight angle rate to zero and to form a collision course. To achieve effective target interception, good sensor measurements are needed of the range rate and the line-of-sight angle rate. This may not always be possible when only a passive sensor is used to track the target or when range information from an active sensor is jammed by an intelligent target. The sensor measurement available in this case will give the bearing angle only. The realization of the guidance law will then require estimation and filtering of the range rate and the line-of-sight angle rate. This is achieved usually by an extended Kalman filter.
The state-estimation errors can however become large, especially towards the end of the missile-target interception. This is undesirable since accurate control action is essential to accomplish the mission. Investigation [2, 7] reveals that when the missile and the target are on a collision course, the information content of the bearingsonly measurements may not be sufficient to excite the filter under the proportional 498 Mingyan Li and Cheng-Chew Lira [2] navigation strategy of nullifying the line-of-sight angle rate. It follows that a more effective guidance system should aim not only to nullify the angle rate, but also to enhance the information content of the measurements in order to offer the filter sufficient information to generate consistent estimates. In selecting an information measure for enhancing filter performance, a suitable candidate is the Fisher information matrix which is a commonly-used measure of accuracy in determining unknown parameters from a sequence of measurements [8] . The matrix can be related to the missile-target intercept problem through the local observability matrix when the measurement is subject to Gaussian white noise [7] . As it is easier to handle a scalar quality in mathematical derivation and practical implementation, the trace or the determinant of the information matrix is used instead. Indeed, Speyer etal. [7] andHull et al. [3] use the trace of the matrix as the performance index to derive numerous LQ-based guidance-control laws. The LQ-based guidance control is effective but fairly complex to implement.
A simple control scheme using the scalar measure based on the trace of the observability matrix in conjunction with a widely-used proportional navigation control law was first proposed in [2] . This scheme is motivated by meeting the two design aims of (i) retaining the simple design and implementation feature of conventional proportional navigation and (ii) offering better observability in the homing phase of the mission. The guidance law is referred to as the additive observable proportional navigation (AOPN) control law. Simulation studies given in [1] show that the control enhances the observability of the system in both non-manoeuvring and manoeuvring target engagements and helps in overcoming the filter divergence problem. Rudimentary guidelines are presented in [2] and [1] on how to select the navigation constant of the added term. It is clear that the AOPN guidance control is well-suited for lowcost homing missiles with bearings-only measurements, although refinement on the guidelines to ensure effective interception and further investigation into the effect of the new term on the capture area must be carried out. This paper has three objectives. First, we derive closed-form solutions of the missile-target engagement under AOPN guidance for both manoeuvring and nonmanoeuvring targets. We compare these results with those based on a conventional proportional navigation law, known as the true proportional navigation (TPN) law, derived in [11] . Secondly, we show how to select the two navigation constants N t and N 2 , where Ni corresponds to the conventional proportional navigation part while N 2 is associated with an additive term, in order to form a collision course. The constraints are tighter than previous results in [1] and are particularly useful as design aids. Thirdly, we demonstrate that there exists an optimal value for N 2 , with which the capture area of the engagement covers the largest region, and interception appears to be achieved in minimum time. Furthermore, we show that the AOPN guidance system can cover a larger capture area than can a TPN system. Computer simulation [3] Observable proportion navigational guidance 499 is used to illustrate some essential features of the control scheme and to confirm the findings.
System model
Consider the geometry of a guidance engagement shown in Figure 1 , where a missile with a constant velocity V M attempts to intercept a target with a constant forward velocity V T . reference line The geometry engagement model can be written in terms of the relative distance between the missile and the target and the rate of line-of-sight (LOS) angle [4] , as
where a is the LOS angle and R is the relative range. Here A n is the commanded normal acceleration issued by the control law. TPN is the most popular guidance law [9] . The control law is written as
where Ni is the navigation constant. However, TPN is not satisfactory for homing missiles with bearings-only measurements at the final pursuit due to the poor observability of the relative range and the range rate caused by the attempt of the law to nullify the LOS angle rate [7] . To enhance the observability of the system, an alternative control method, known as the additive observable proportional navigation (AOPN) was proposed in [2] . This control law augments TPN with an information-enhanced term which is closely linked to the Fisher information matrix [7, 8] . It takes the form
where k is a constant and /i the trace of the rate of the Fisher information matrix. Under certain fairly general assumptions [1] , /i can be simplified to the form R 2 /a, where a represents the variance of the measurement noise. The AOPN law becomes
where N 2 is the second navigation constant. We show how TVi and N 2 can be selected to ensure effective interception.
Analysis of guidance system
In analysing the performance of the guidance system under the AOPN law, we start the discussion with the manoeuvring target engagement problem. Closed-form solutions are derived and conditions for effective interception established. The solutions are fairly general and are directly applicable to a non-manoeuvring target which is treated as a special case of the manoeuvring target engagement.
Manoeuvring target engagement
A manoeuvring target is assumed to have an acceleration a T normal to the LOS and has the effect of reducing the effectiveness of the missile guidance law. For simplicity of formulation, the magnitude of a T is assumed to be proportional to the closing speed R, that is, a T = c& Q R, where c is a non-negative constant of target manoeuvrer acceleration. The differential equations describing the pursuit of a manoeuvring target under the additive observable proportional navigation law can be written as
The closed-form solution and the conditions for effective interception of a manoeuvring target are now derived. [5] Observable proportion navigational.guidance 501 THEOREM 1. The closed-form solution of the missile guidance system in pursuing .a manoeuvring target, described by (7-9)), which represent manoeuvring target engagement using the AOPN law is when N\ ^ 4 and N t > 3,
( 1 1 ) where
PROOF. Multiplying (8) by R/R and using the unit mass angular momentum of the missile (defined by R 2 a) and initial conditions, we obtain [6] when Ni ^ 4 and Ni > 3,
when A^i = 4,
The LOS angle rate a given in (13) and (14) is obtained also by imposing the constraint Ni > 3 which is shown to be necessary for effective interception in Theorem 2. Substituting (13) and (14) into (7) and using RdR = d (R 2 /2), the solution of (7) and (8) can be written as (10) and (11).
REMARKS.
• As lim/^o R 2 \n(R/R 0 ) = 0, it can be concluded from (13) and (14) that the LOS angle rate a will approach ar o /(Ni -2) as long as the range approaches zero towards the end of the interception for both N\ ^ A and N l = A.
• The final LOS angular rate is proportional to the target manoeuvrer constant c. This means that the angular rate will increase with the increase of the target manoeuvrer constant.
• The expression for a consists of three parts. The first is caused by TPN, the second is due to the additive term to enhance observability and the last part is due to the target manoeuvrer.
• The results are equally applicable to TPN guidance, with N 2 = 0. THEOREM 2. For effective interception of a manoeuvring target, the following constraints must be satisfied when using the AOPN guidance law given by (6) :
where
, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0334270000010584 [7] Observable proportion navigational guidance 503 PROOF. TO guarantee effective capture, the missile should intercept the target with a finite acceleration and within a finite time [10] . From (13) and (14), A 7 ! should be larger than 2 to prevent a from becoming infinity when R approaches zero at the final course of pursuit. Substituting a into (8) with (13), a can be written as Equation (19) shows that N t > 3 can prevent the LOS angular acceleration a from approaching infinity, as R -> 0. The final closing speed Rf can be derived from (10) and (11) as
Jj "
In order to obtain a real R f , the following constraint must be satisfied: 
and solving the inequality, the upper bound of N 2 in (17) 
Note that TV, > 1 because of (15). Therefore, (23) leads to the bound of A 2 in (16).
Mingyan Li and Cheng-Chew Lim [8] REMARKS.
• The constraints (15-17), are necessary conditions for effective capture.
• (15) 
When N 2 = Af 2o pt, the lower bound of A 2 is found to be the minimum, that is,
This means that the system has the largest capture area for a given N t and a given target manoeuvrer acceleration c. and under AOPN, it can reach
2)
The bound due to the AOPN is smaller by
2)N l +c] 2
Since the smaller the lower bound of A 2 , the larger the capture area will be, the missile-target system under AOPN with the optimal value of N 2 has a larger capture area than that under TPN.
Non-manoeuvring target engagement
The results obtained in the previous section are fairly general and are directly applicable to a non-manoeuvring target engagement as a special case of manoeuvring target engagement with c = 0 in (9) . As the non-manoeuvring target engagements are extensively used in the study of guidance systems [4, 5, 7, 11] , we summarize, for completeness, the results of the non-manoeuvring target engagement in the following.
The missile guidance engaging a non-manoeuvring target using the AOPN given in (6) is written as
THEOREM 4. The closed-form solution of the missile guidance system engaging a non-manoeuvring target under AOPN described by (27) and (28) is, when N\ =fi 4 and N\ > 3,
where m is given in (12).
The LOS angular rate a can be obtained from (13) and (14) as, when N\ ^ 4 and Af) > 3, (32) [10] REMARKS.
• The LOS angular rate engaged in a non-manoeuvring target will approach zero.
• The response of the range rate given by (29) and (30) can be divided into two parts. The first term is linked to the pursuit motion and the other is determined by the system's initial conditions and the navigation constants.
THEOREM 5. For effective interception of a non-manoeuvring target, the constraints that must be satisfied when the AOPN guidance law is used are
A 2 > A T T 2 '
• Since c = 0 simplifies the expression of condition (21) for effective interception, both the lower bound and upper bound of N 2 can be obtained in (35).
• Comparing (17) with (35), the upper bound of N 2 for a manoeuvring target is larger than that for a non-manoeuvring target. This is because greater missile manoeuvrability is required when the target is manoeuvring.
• Comparing (16) with (34), the lower bound for A 2 involved in manoeuvring target engagement given by (16) can be separated into two parts. The first is equal to that of a non-manoeuvring target and the second is caused by the target manoeuvrer.
• When N t > 3 and 0 < c < 2, the lower bound of A 2 of the manoeuvring target case (16) is less than that of a non-manoeuvring target (34). This means that for a missile to intercept a manoeuvring target under AOPN, a larger capture area than that of a non-manoeuvring target is more likely.
• AOPN has a major advantage over TPN. Under TPN the capture area decreases with an increase in target manoeuvrability [11] , while under AOPN the capture area in the presence of a target manoeuvrer will be larger than that of a nonmanoeuvring case, provided N { > 3 and 0 < c < 2. • When N 2 = N 2opt , the lower bound of A 2 reaches its minimum, that is, 1 /(N\ + 2). This means that the system has the largest capture area for a given AT,.
• When A^opt is used, the absolute final closing speed becomes
which is the maximum.
• The maximum absolute final speed for a non-manoeuvring target given by (38) is not necessarily smaller than that for a manoeuvring target given by (26). It depends on the value of c and N t . 
Simulation and discussion
In order to evaluate the performance of the AOPN law and to confirm the results derived in Section 3, simulation studies with different scenarios are conducted.
All the simulations use the following data: Figure 2 shows the trajectories of the missile and the manoeuvring target using the TPN law, while Figure 3 shows the trajectories under the AOPN guidance with A^opt-Comparing with that under TPN, the missile guided by the AOPN law swings its way during the pursuit course so as to obtain more information about the relative range and the range rate. In this way, the aim to enhance the observability of the system can be fulfilled. Figure 4 is derived from (13). It shows that the LOS angular rate a approaches zero for the non-manoeuvring target (that is, c = 0) towards the end of pursuit, that is, when R/R o -> 0. For the manoeuvring target, the final angular rate increases with the increase in target manoeuvrability, as discussed in Theorem 2.
Using (10), we obtain Figure 5 , which confirms that the final range rate, which occurred at R/R o -0, is the largest with optimal N 2 as discussed in Theorem 3.
The capture areas which are defined by the constraints (15), (16) and (17) are plotted in Figure 6 . It demonstrates that the system with N 2opt has the largest capture area. Note that the smaller the lower bound of A 2 , the larger the capture area (cf. (16)).
The upper bounds of N 2 and the optimal values of N 2 with different target manoeuvrer acceleration c are compared in Table 1 , where A^2 upb denotes the upper bound of N 2 . When N 2 = Af 2opt , the duration of pursuit is usually the shortest (see Table 2 ). From the simulations above, it is suggested that the AOPN guidance performs better than TPN when A 2 is small. A small value of A 2 represents a small initial range rate, a large initial distance, or a large initial LOS angular rate. In other words, the missile is under less favorable initial engagement conditions. Under these circumstances, the AOPN law with A^2 op t has a larger capture area and a shorter pursuit duration than those under TPN.
Conclusion
In this paper we present an analytical study of the additive observable proportional navigation for a low-cost homing missile. The exact and complete closed-form solutions to the AOPN guidance problem are derived for manoeuvring target engagement with non-manoeuvring target engagement as a special case. Guidelines for choosing navigation constants are proposed. Some important characteristics related to system FIGURE 6. Capture area for five different N2 values when c = 1. Note that N\ must be larger than 3, and that a small A 2 represents less favorable initial engagement conditions needed to achieve interception.
performance are discussed in detail. Our investigation shows that there exists an optimal N 2 in terms of the largest capture area and the fastest final closing speed which usually leads to the least duration of interception. AOPN demonstrates better performance than TPN by covering a larger capture area.
